This paper investigates analytically the molecular-motor-assisted transport between the cell nucleus and cell membrane in an elongated cell, which allows the formulation of governing equations in a cylindrical coordinate system. This problem is relevant to biomimetic transport systems as well as to many biological processes occurring in living cells, such as the viral infection of a cell. The obtained analytical solution is shown to agree well with a high-accuracy numerical solution of the same problem. The developed analytical technique extends the applicability of the generalized Fourier series method to a new type of problems involving intracellular transport of organelles.
Introduction
Understanding molecular-motor-driven transport of intracellular cargo is important for designing biomimetic transport systems [1] which potentially have numerous applications in drug delivery systems, nanoscale manufacturing, and many other areas of science and engineering. Molecular motors are highly specialized proteins that transduce the energy of ATP hydrolysis into mechanical work [2] . Molecular-motor-assisted transport in cells is driven by three classes of molecular motors: kinesin and in molecular-motor-assisted transport [8, 9] . Interesting stochastic and dynamic system models of neurofilament transport in axons are developed in Refs. [10, 11] . These models are based on the "stop-and-go" hypothesis of slow axonal transport, according to which cytoskeletal and cytosolic proteins are transported along axons at fast rates but the average velocity is slow because the movements are infrequent and bidirectional.
One particular situation when molecular-motor-assisted transport is important is related to viral infection. Some DNA viruses utilize the cell's own molecular-motorassisted microtubule-based transport mechanism to deliver viral DNA to the nucleus of a target cell, where they use cellular reproductive machinery to replicate themselves [12] [13] [14] . A recent paper by Dinh et al. [15] presents a comprehensive numerical model of intracellular trafficking of adenoviruses; the model is based on equations governing molecular-motor-assisted transport of intracellular particles developed in Ref. [16] .
According to the Smith-Simmons model [16] , a fraction of intracellular space is occupied by filaments (such as microtubules or actin cables); the remaining space allows for the diffusion of intracellular unbound particles. Microtubules radiate out in all directions from the centrosome (the cell center) where their minus ends are anchored. Different kinds of intracellular particles (such as transport vesicles loaded with specific proteins, intracellular vesicles carrying different types of cargo between intracellular compartments, or viral particles) are carried away from the cell center toward the cell membrane by kinesin-family molecular motors. Intracellular organelles are also carried from the cell membrane toward the cell center by dynein-family molecular motors [14, 17] . Unbound (free) intracellular particles may bind to filaments; intracellular particles bound to filaments may detach from them; the binding/detachment kinetic processes are specified by the first rate constants. Analytical solution of steady-state Smith-Simmons equations is considered in Ref. 1 . Recently, Kuznetsov and Avramenko [18] , following the approach outlined in Cain and Meyer [19] , obtained an analytical solution of a one-dimensional transient problem of molecular-motor-assisted transport in Cartesian coordinates utilizing generalized Fourier series and orthogonal sets of eigenfunctions. The purpose of this paper is to extend the method developed in [18] and solve a similar problem in the cylindrical coordinate system. 
Governing equations
One-dimensional transient intracellular transport between the cell membrane,˜ =R C , and the cell nucleus,˜ =R N , in a heavily elongated cell [20, 21] is considered (see Fig.  1 ). Governing equations are based on equations describ- ing intracellular particle transport obtained in [16] . Modeling is carried out under the assumption that molecularmotor-assisted transport of intracellular particles (for example, DNA viruses attacking the cell) is only powered by kinesin-family molecular motors and occurs toward microtubules plus-ends, from cell nucleus to cell membrane. Molecular-motor-assisted transport of intracellular particles powered by dynein-family molecular motors (from cell membrane to cell nucleus) is neglected in this paper. The governing equations are extended by accounting for the random component of motion of intracellular particles bound to microtubules. The locomotion generated by molecular motors can be split into (average) deterministic and random components; the latter (originating from the fact that molecular motors work in a very noisy environment constantly experiencing thermally excited collisions with water molecules) is approximated by a diffusive process. Utilizing this assumption, the molecular-motorassisted transport equations are extended as:
whereD 0 is the diffusivity of a free intracellular particle;D + is the diffusivity of MT-bound intracellular particles, modeling random aspects of molecular-motorassisted transport;˜ is the time;˜ 0 is the free intracellular particles concentration;˜ + is the concentration of intracellular particles moving on microtubules in the positive direction (away from the cell center);˜ is the radial coordinate;˜ + is the velocity of an intracellular particle moving on a microtubule away from the cell center (this motor velocity is generated by kinesin-family molecular motors),˜ + is positive;˜ + is the first order rate constant for binding to microtubules for intracellular particles that move in the positive direction; and˜ + is the first order rate constant for the detachment from microtubules for intracellular particles that move in the positive direction. The key parameter in this approach is the associated diffusion constant,D + . Molecular motors operate in the Brownian world, at energy levels just a few times greater than the energy levels of the surrounding thermal bath (AitHaddou and Herzog [22] ). The order of magnitude of this diffusion constant can be estimated utilizing the Einstein diffusion relation for spherical Brownian particles:
where˜ B is the Boltzmann's constant,T is the absolute temperature,˜ is the radius of the particle, andμ is the dynamic viscosity of the medium. Another possible approach is using the methodology developed by Kessler [23, 24] for estimating diffusivity of self-propelled swimming of algal cells based on assumptions about cell-cell collisions and about random cell swimming. In this approach the motion of algal cells is split into deterministic and random components and all random motions of the cells are approximated by a diffusion process, which is a similar assumption to that adopted in this paper concerning the motion of intracellular particles driven by molecular motors.
Equations (1) and (2) are solved subject to the following boundary conditions:
whereÑ N is the concentration of intracellular particles at the nucleus membrane,Ñ C is the concentration of intracellular particles at the cell membrane, and σ N is the degree of loading at the nucleus membrane. 
Dimensionless boundary conditions are
The dimensionless initial condition is
Solution technique
The analytical solution presented below follows the protocol outlined in Ref. [19] . Since equations (10) and (11) are linear, the problem is split into a steady non-homogeneous problem and an unsteady homogeneous problem, as follows: 
Equations (16) and (17) must be solved subject to the following boundary conditions:
The transient components, 0 and + , satisfy the following equations:
Equations (20) and (21) must be solved subject to the following boundary conditions:
and the following initial condition:
The following linear operators are introduced:
(26) The eigenvalue problem associated with L 1 and the boundary conditions for 0 is
The solution of the eigenvalue problem given by equations (27)- (29) is where J 0 and Y 0 are the zero-order Bessel functions of the first and second kind, respectively; and λ are different positive solutions of the following transcendental equation:
and
The eigenvalue problem associated with L 2 and the bound-ary conditions for + is
The solution of the eigenvalue problem given by equations (33)- (35) is 
It is assumed that the functions 0 ( ) and + ( ) can be represented by the following generalized Fourier series:
where G ( ) 0 ( ) and G ( ) + ( ) are orthogonal eigenfunctions given by equations (30) and (36), respectively. Substituting equations (39) and (40) into equation (25) , the following is obtained:
Since eigenfunctions G ( ) 0 ( ) are orthogonal, multiplying equation (41) by G ( ) 0 ( ) and integrating results in
The initial conditions for the functions
are found from
Multiplying equation (43) by G ( ) 0 ( ) and integrating results in
Substituting equations (39) and (40) into equation (26), the following is obtained: 
The initial conditions for the functions β ( ) [ = 1 N] are found from
Multiplying equation (47) by G ( ) + ( ) and integrating results in
Equations (42) and (46) (42) and (46) must be solved numerically; the suggested analytical solution procedure thus does not completely eliminate the need for a numerical solution. Rather, it reduces a system of coupled PDEs (10), (11) to a system of coupled ODEs (42), (46). In a way, this is analogous to similarity solutions, for example to the famous Blasius boundarylayer solution for a flow over a flat plate [25] . (10) and (11) . Equation (10) is discretized by a central difference scheme while a forward one is implemented for equation (11) . The convergence criterion (maximum relative error in the values of the dependent variables between two successive iterations) in all runs is set at 10 20.0 a sufficient accuracy for 0 ( ) and + ( ) is obtained by using at least N = 2 (N = 1 approximation for 0 ( ) and + ( ) predicts negative particle concentration for certain radial locations -see Figs. 2a, 3a, and 3b -a physically nebulous result); however, for N = 2 and N = 6 the analytical solution predicts quite reasonable distributions of 0 ( ) and + ( ). The question whether the method converges to the exact solution as N increases requires further investigation. As time progresses, concentrations of both free intracellular particles and particles bound to microtubules increase, as expected.
Discussion and Conclusion

